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Abstract
Previous constructions of supersymmetry for double field theory have relied on the so called
strong constraint. In this paper, the strong constraint is relaxed and the theory is shown to
possess supersymmetry once the generalised Scherk-Schwarz reduction is imposed. The equiv-
alence between the generalised Scherk-Schwarz reduced theory and the gauged double field
theory is then examined in detail for the supersymmetric theory. As a biproduct we write the
generalised Killing spinor equations for the supersymmetric double field theory.
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1 Introduction
Double field theory has been through a recent rebirth. After its orginal inception [1, 2] and development
[3–5] there has been a huge number of works by a variety of groups extending the formalism in numerous
directions and exploring its consequences [6–20, 23–64]. See the following and references therein for a
review of the subject [65, 66].
In double field theory one doubles the dimension of the space to make the O(D,D) symmetry manifest
on on a 2D dimensional space and then imposes a seperate so called section condition that restricts to a
D dimensional submanifold. Different choice of solutions to this section condition produce different T-
duality frames. If one may pick a global choice for the solution to the section condition ie. there is a global
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choice for the T-duality frame then one is ultimately left with a normal supergravity theory and although
this reformulation may be interesting we are only rewriting the theory.
This section condition is intimately tied to the consistency of the theory, the algebra of generalised Lie
derivatives depends on the section condition for its closure; the supersymmetric formulations of the theory
rely on the section conditions for supersymmetry to work; and various geometric aspects such as tensoral
properties appeared to depend directly on the obeying of the section condition.
One of the most exciting aspects of double field theory is to examine to what extent one may relax
the section condition and remain a consistent theory. Remarkabley, it is known that the Scherk-Schwarz
ansatz allows one to do exactly this [16–20]. That is we relax the section condition and allow dependence
on both the usual coordinaates and their duals simultaneously. However, the geometry is not unconstri-
ained; the generalised metric must obey the so called Scherk-Schwarz factorisation (we will describe this
subsequently). It has been shown how all the consistency checks such as closure of the local algebra and
the obeying of the Jacobi identity are satisfied even though there is explicit dependence on all the extended
coordinates [16–20]. The generalised Scherk-Schwarz reduced theory then produces a gauged supergrav-
ity theory. The embedding tensor [21, 22] which determines the gauging then becomes related to the twist
matrics of the Scherk-Schwarz anstaz. This result filled a lacuna in M-theory; now all known supergravities
theories (with appropriate amounts of supersymmetry) have lifts to a single theory- although that theory
neccessarily has novel extended dimensions.
So far there have been different approaches to studying the geometry of these Scherk-Schwarz reduced
theories [33–35]. In this paper we wish to examine the Scherk-Schwarz reduced theories in the context
of the supersymmetric formulation of double field theory developed by [23–29] where one has a semi-
covariant formulation (the choices of formalism and their relevant various properties is discussed in [33]).
Using this semicovariant formulation we develop how supersymmetry works in double field theory once
we remove the section condition. As a by product we will produce the BPS equations (ie. Killing spinor
equations) for double field theory in the absence of section condition. Solving these might have substantial
applications for future directions in exploring new and novel solutions to double field theory outside that of
usual supergravity.
We begin by describing the geometry for gauged double field theory and then its supersymmetric exten-
sion. The generalised Scherk-Schwarz ansatz is described and related to the gauged double field theory in the
supersymmetric formalism. Finally we write down the Scherk-Schwarz reduced Killing Spinor equations
for double field theory. An extensive appendix gives the details of the bosonic reduction that has appeared
elsewhere in the literature (it is repeated here so as to provide notation and a quick reference). In a second
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appendix the reduced spin connections neccessary for the construction of the reduced Dirac operators are
given (this has not appeared before).
In summary and for emphasis, the purpose of this paper is to extend gauged double field theory and
the related Scherk-Schwarz reduced double field theory to the supersymmetric case. That is we explicitly
construct supersymmetric actions including the Fermionic sector and the associated supervariations. A key
motivation, as stated above, is that in previous supersymmetric constructions of double field theory, the
strong constraint appeared as a necessary condition for supersymmetry to work. Here we show that the
generalised Scherk-Schwarz case is also consistent with supersymmetry. This in turn supports the idea
that the additional coordinates are physical ie. we can allow nontrivial coordinate dependence in these
novel directions (although restricted to be of Scherk-Schwarz type). The details of both the supersymmetric
extension of the Scherk-Schwarz reduced theory and the supersymmetrised double gauged supergravity have
not appeared previously beyond the bosonic sector. Supersymmetrising double field theory is sufficiently
nontrivial that the success of this should not be taken for granted, as such, it is instructive to see how the
details work.
2 Geometry for Gauged Double Field Theory
2.1 Gauged double field theory
As explained in the introduction, this paper is motivated by seeing how one can remain consistent and
yet relax the the physical section condition. In previous work the section condition was crucial for different
aspects of the theory to work; this includes the local algebra of generalised diffeomorphisms and importantly
supersymmetry. In what follows we will review how imposing the section condition can instead be replaced
by the Scherk-Schwarz ansatz. This in turn was then shown to be equivalent to gauging the theory.
And so we start by recalling the gauged double field theory [15,16]. Essentially, it is the gauged double
field theory (with its full supersymmetric extension) that we wish to compare with the Scherk-Schwarz
reduced double field theory. The reader is encouraged to read [15,16] for the full story. What follows in this
section is a brief summary of what appears in those papers so as to define conventions and provide a starting
point for introducing the Fermions later.
Let V MN be an arbitrary rank-2 tensor for gauged DFT. M,N,P indices always denote O(D,D)
indices with lower case, m,n, p etc. reserved for ordinary O(d) indices.
The gauge symmetry for gauged DFT is given by a twisted generalised Lie derivative which is defined
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by
(LˆXV )MN = (Lˆ0XV )MN − fMPQXPV QN − fNPQXPVMQ ,
LˆXd = Lˆ0Xd .
(2.1)
Lˆ0X is the ordinary generalised Lie derivative defined in ungauged DFT by,
(Lˆ0XV )MN = XP∂PVMN + (∂MXP − ∂PXM )V PN + (∂NXP − ∂PXN )VMP ,
Lˆ0Xd = XM∂Md− 12∂MXM ,
(2.2)
where fMNP are the structure constants for Yang-Mills gauge group. The parameter XM consists of ordi-
nary generalised Lie derivative part and a Yang-Mills gauge symmetry part in an O(D,D) covariant way.
The adjoint representation for the gauge parameter XMN by may introduced as follows
XM
N = fMP
NXP , with XMN = −XNM . (2.3)
Then the previous generalised Lie derivatives may be written in the following suggestive form,
(LˆXV )MN = (Lˆ0XV )MN −XMPV PN + VMPXPN = (Lˆ0XV )MN + [V,X]M N . (2.4)
For consistency of the algebra (ie. closure), arbitrary fields and gauge parameters are required to obey the
section condition as in the ordinary DFT. The section condition also known as the strong constraint is given
by:
∂M∂
MΦ = 0 , ∂MΦ1 ∂
MΦ2 = 0 (2.5)
The structure constants fMNP should then satisfy the Jacobi identity,
fM [N
P f|P |QR] = 0 . (2.6)
It is also convenient to impose an orthogonality condition on the structure constants fMNP
fMNP ∂
MX = 0 , (2.7)
This means the gauge symmetry will be orthogonal to the ordinary generalised Lie derivative.
Remarkabley one may write the action for gauged double field theory in a very compact form as follows:
LGDFT = e−2d
(
S0MNHMN + V
)
. (2.8)
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S0MNHMN is the generalised Ricci scalar for ungauged DFT, and V is the potential for gauged DFT as
given in [17, 18],
Vhalf−max =− 12HMPHNQfRMN∂PHQR − 112HMNHPQHRSfMPRfNQS (2.9a)
+ 14HPQfMNPfMNQ + 16fMNPfMNP ,
Vmax =− 12HMPHNQfRMN∂PHQR − 112HMNHPQHRSfMPRfNQS (2.9b)
+ 14HPQfMNPfMNQ .
In the following sections, we will construct the gauged double field theory action (2.8) in terms of geometric
quantities for gauged double field theory.
2.2 Connection
To construct a geometry we must make a choice of connection. There are various possibilities depending
on what properties one requires of the connection. In [33] a connection is produced that is a full proper
connection for the local generalised diffeomorphisms and has the neccessary properties of being O(D,D)
compatible and also metric compatible. The price is that it is a flat connection and is torsionful. Unfortu-
nately, that connection does not have nice properties under local O(D) × O(D) Lorentz transformations
(even though the action is indeed invariant as it must be). One of the main motivations of this paper is super-
symmetry where the local Lorentz tranformations are crucial. Thus in what follows we will use the so called
semi-covariant formulation. This has the price that, as the name suggests, the covariant derivative formed
with this connection is not fully covariant under generalised Lie deriviatives. However after a projection it
becomes fully convariant and so the semi-covariant derivative in conjuction with a projection operator can
be used to construct the fully covariant theory.
And so, we follow exactly the construction given in [23, 24] for non gauged DFT but now in this paper
we will introduce a semi-covariant derivative for a twisted generalised Lie derivative (2.4) which will be
appropriate for a gauged theory. The semi-covariant derivative acts on a generic quantity carrying O(D,D)
vector indices as follows
∇MTN1···Nn = ∂MTN1···Nn − ωΓP PMTN1···Nn +
n∑
m=1
ΓMNm
PTN1···Nm−1PNm+1···Nn . (2.10)
ω is a weight factor of each tensor TN1···Nn and ΓPMN is the connection piece. To determine the connection
we assume the following set of constraints exactly analogous with ungauged DFT:
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First, we assume that the semi-covariant derivative preserves the O(D,D) metric JMN ,
∇MJNP = ΓMNQJQP + ΓMPQJNQ = ΓMNP + ΓMPN = 0 , (2.11)
then it follows that the connection is anti-symmetric for last two indices
ΓPMN = ΓP [MN ] . (2.12)
Second, we impose the compatibility condition for all NS-NS sector fields,
∇MPNP = 0 , ∇M P¯NP = 0 , ∇Md := ∂Md− 12ΓNNM = 0 . (2.13)
where PMN and P¯MN are projections defined as,
PMN =
1
2(JMN +HMN) , P¯MN = 12(JMN −HMN) , (2.14)
satisfying
PAB = PBA , P¯AB = P¯BA , PA
BP¯B
C = 0 ,
PA
BPB
C = PA
C , P¯A
BP¯B
C = P¯A
C , PA
B + P¯A
B = δA
B .
(2.15)
Further, we require a generalised torsion free condition:
Lˆ∇XTM − Lˆ∂XTM = −XMNTN . (2.16)
This is a crucial assumption. In the usual formulation there is no torsion, ie. the righthandside is zero.
Now we allow torsion but only of it is of the form given by (2.16). The righhandside of (2.16) is now a
gauge transformation of TM . This means the torsion must also be a gauge tranformation. In ordinary DFT
language, it means the geometry is torsion free up to gauge transformations. The difference between Lˆ∇XTM
and Lˆ∂XTM gives (
Lˆ∇X − Lˆ∂X
)
TM = (ΓMNP + ΓNPM + ΓPMN)X
PTN , (2.17)
and from (2.16) and (2.17), the modified torsion-free condition implies
Γ[MNP ] =
1
3fMNP . (2.18)
The origin of the contributions to Γ[MNP ] can be thus be seen from the additional gauge terms appearing in
(2.4) as compared to the terms with no gauging, Lˆ0XV , which are chosen to give vanishing contribution to
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the torsion. One can now construct the connection in terms of P , P¯ , d and the structure constants fMNP ,
which satisfy the compatibility conditions and modified torsion free condition. This is our goal, we have a
suitable connection from which we can now contruct the gauged theory. We write this explicitly in terms of
the usual connection in the non gauged theory, Γ0PMN , and new terms:
ΓPMN = Γ
0
PMN +
(
δP
QPM
RPN
S + δP
QP¯M
RP¯N
S
)
fQRS − 23
(P + P¯)
PMN
QRSfQRS . (2.19)
where Γ0PMN is the connection for ordinary DFT given in [24],
Γ0PMN = 2(P∂PPP¯ )[MN ] + 2(P¯[M
QP¯N ]
R − P[MQPN ]R)∂QPRP
− 4D−1
(
P¯P [M P¯N ]
Q + PP [MPN ]
Q)
(
∂Qd+ (P∂
RPP¯
)
[RQ]
)
,
(2.20)
and P and P¯ are rank-six projection operators
PPMNSQR := PP SP[M [QPN ]R] + 2D−1PP [MPN ][QPR]S ,
P¯PMNSQR := P¯P SP¯[M [QP¯N ]R] + 2D−1 P¯P [M P¯N ][QP¯R]S ,
(2.21)
which are symmetric and traceless,
PCABDEF = PDEFCAB = PC[AB]D[EF ] , P¯CABDEF = P¯DEFCAB = P¯C[AB]D[EF ] ,
PAABDEF = 0 , PABPABCDEF = 0 , P¯AABDEF = 0 , P¯ABP¯ABCDEF = 0 .
(2.22)
Here the superscript 0 indicates a quantity defined in the higher dimensional parent DFT.
The connection transforms under the (2.4) as
(δX − LˆX)ΓPMN = −2∂P∂[MXN ] + ∂PXMN + 2
(P + P¯)
PMN
QRS
(
∂Q∂[RXS]
)
,
(δX − LˆX)∇PTM = 2
(P + P¯)
PMN
QRS
(
∂Q∂[RXS]
)
TN .
(2.23)
As in ungauged DFT, the derivative (2.10) combined with the projections can be used to form generate
various covariant quantities such as:
PM
P P¯N1
Q1P¯N2
Q2 · · · P¯NnQn∇PTQ1Q2···Qn ,
P¯M
PPN1
Q1PN2
Q2 · · ·PNnQn∇PTQ1Q2···Qn .
(2.24)
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This is the whole point of the so called semi-covariant formalism. Some of the quantities are not fully
covariant but we can build actions by using the fully covariant projected quantities as building blocks. We
can now follow the non gauged case and use the newly contructed semi-convaraint derivative in combination
with projections to form the fully covariant theory.
2.3 Spin Connections
In the previous section we have constructed the relevant connection for O(D,D) tensors in the gauged
theory. The spinors though will couple to the local Lorentz group and so we need an appropriate spin
connection that will allow us to construct covariant (or semi-covariant) Dirac operators.
Again we will follow [24], but now we will have in mind the gauged extension of the theory. Let us
consider a local frame. As in the ungauged DFT, we introduce the double local Lorentz group, Spin(1,D−
1) × Spin(D − 1, 1) and corresponding double-vielbeins, VMm and V¯Mm¯. These satisfy the following
defining properties [24],
VApV
A
q = ηpq , V¯Ap¯V¯
A
q¯ = η¯p¯q¯ ,
VApV¯
A
q¯ = 0 , VApVB
p + V¯Ap¯V¯B
p¯ = JAB .
(2.25)
Here unbared indices, m,n, p, q · · · , represent Spin(1,D − 1) vectors and bared indices, m¯, n¯, p¯, q¯ · · · ,
represent Spin(D − 1, 1) vectors. Hence the double-vielbeins form a pair of rank-two projections [23],
PAB := VA
pVBp , P¯AB := V¯A
p¯V¯Bp¯ , (2.26)
and further meet
PA
BVBp = VAp , P¯A
BV¯Bp¯ = V¯Ap¯ , P¯A
BVBp = 0 , PA
BV¯Bp¯ = 0 . (2.27)
We define the ‘master’ semi-covariant derivative DM acting on any arbitrary O(D,D), Spin(1,D− 1)
and Spin(D − 1, 1) representations as follows
DM := ∂M + ΓM +ΦM + Φ¯M . (2.28)
ΦM and Φ¯M are spin connections for Spin(D− 1, 1) and Spin(1,D− 1) respectively. Note that the con-
nection ΓM and the spin connections ΦM and Φ¯M contains Yang-Mills connection part in manifestly
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O(D,D) covariant manner. Therefore the master derivative DM is semi-covariant under the twisted
generalised Lie derivative (2.4) for all representations.
We then impose the generalised vielbein compatibility condition for these double-vielbeins VMm and
V¯Mm¯,
DMVNm = 0 , DM V¯Nm¯ = 0 , (2.29)
and for the metric of Spin(1,D − 1) and Spin(D − 1, 1), ηmn and η¯m¯n¯ respectively,
DMηmn = 0 , DM η¯m¯n¯ = 0 . (2.30)
From the compatibility of ηmn and η¯m¯n¯, we can deduce that the spin-connections are antisymmetric,
ΦMmn = ΦM [mn] , Φ¯Mm¯n¯ = Φ¯M [m¯n¯] . (2.31)
In addition, because of the double-vielbein compatibility condtion (2.29), the spin-connections may be
determined in terms of the double-vielbeins as follows,
ΦMmn = V
N
m∇MVNn , ΦMmn = V Nm∇MVNn , (2.32)
and using (2.23), these spin-connections are semi-covariant as well,
(δX − LˆX)ΦMmn = 2PMNPQRS∂Q∂[RXS]V NmV P n ,
(δX − LˆX)Φ¯Mm¯n¯ = 2P¯MNPQRS∂Q∂[RXS]V¯ Nm¯V¯ P n¯ .
(2.33)
Crucially, we can then form fully covariant quantities by contracting the semi-covariant quantities with
projection operators or double-vielbeins as shown below:
P¯M
NΦNpq , PM
N Φ¯Np¯q¯ , ΦM [pqV
M
r] , Φ¯M [p¯q¯V¯
M
r¯] , ΦMpqV
Mp , Φ¯Mp¯q¯V¯
Mp¯ . (2.34)
This willl be a reoccuring trick that the formalism uses. One produces fully covariant objects by contracting
semicovariant objects with projection operators.
2.4 Curvature
Again following [23,24], we may construct a rank-4 quantity RPQMN which is generated by the commutator
of the semi-covariant derivatives but now for the gauged theory,
[∇M ,∇N ]VP = −ΓQMN∇QVP +RPQMNVQ . (2.35)
9
The curvature, RPQMN is given by
RPQMN = ∂MΓNPQ − ∂NΓMPQ + ΓMPRΓNRQ − ΓNPRΓMRQ + 3Γ[RMN ]ΓRPQ . (2.36)
Note, that unlike ordinary DFT, an additional term is introduced in RPQMN . Note it also satisfies the same
properties as ungauged DFT, namely that,
RMNPQ = R[MN ][PQ] , PM
RP¯N
SRRSPQ = 0 . (2.37)
We can then define the semi-covariant curvature, SMNPQ, by
SMNPQ =
1
2
(
RPQMN +RMNPQ − ΓRMNΓRPQ
)
. (2.38)
Just as for an ordinary Riemann curvature tensor, the semi-covariant curvature satisfies the following sym-
metry properties on its indices,
S[MN ][PQ] = SMNPQ , SMNPQ = SPQMN . (2.39)
The Jacobi identity for the structure constants implies the Bianchi identities as well,
SM [NPQ] = 0 . (2.40)
The variation of SMNPQ is given by
(δX − LˆX)SPQMN = 2∇[M
(
(P + P¯)N ]PQRST ∂R∂[SXT ]
)
+ 2∇[P
(
(P + P¯)Q]MNRST∂R∂[SXT ]
)
.
(2.41)
Even though SMNPQ is not a fully covariant tensor, we can generate proper scalar objects by contracting
with projection operators as folows
PMPPNQSMNPQ , P¯
MP P¯NQSMNPQ . (2.42)
Note that these scalars are not equivalent to each other. The scalar curvatures can then be rewritten in terms
of PMN , P¯MN and SMNPQ. The two possible combination are:
PMPPNQSMNPQ = P
MPPNQS0MNPQ(Γ
0) + PMPPNQfRMNΓ
0
RPQ
+16
(
PM
QPN
RPP
S + 3P¯M
QPN
RPP
S
)
fMNPfQRS ,
P¯MP P¯NQSMNPQ = P¯
MP P¯NQS0MNPQ(Γ
0) + P¯MP P¯NQfRMNΓ
0
RPQ
+16
(
P¯M
QP¯N
RP¯P
S + 3PM
QP¯N
RP¯P
S
)
fMNPfQRS .
(2.43)
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These two terms however are related, after some work one can show that
PMPPNQSMNPQ + P¯
MP P¯NQSMNPQ =
1
6fMNP f
MNP . (2.44)
Now, we have some choices about how we combine these two terms. In fact, different combinations of
these two terms will then produce the actions for the half-maximal and maximal gauged supergravity (2.9a)
and (2.9b).
First, the half-maximal supersymmetric case, the NS-NS sector Lagrangian is given by
Lhalf−max = e−2d
(
2PMPPNQSMNPQ
)
= e−2d
[ (
PMPPNQ − P¯MP P¯NQ)SMNPQ + 16fMNP fMNP
]
,
(2.45)
To see this write it in terms of the generalised metric HMN , (2.45) then becomes
Lhalf−max = e−2d
(
2PMPPNQS0MNPQ − 12HMPHNQfRMN∂PHQR
− 112HMNHPQHRSfMPRfNQS + 14HPQfMNPfMNQ + 16fMNPfMNP
)
.
(2.46)
This is exactly same potential as (2.9a).
Second, for the maximal supersymmetric case, the NS-NS sector Lagrangian is given by
Lmax = e−2d
(
PMPPNQ − P¯MP P¯NQ)SMNPQ , (2.47)
which again can be rewritten as
Lmax = e−2d
(
2PMPPNQS0MNPQ − 12HMPHNQfRMN∂PHQR
− 112HMNHPQHRSfMPRfNQS + 14HPQfMNPfMNQ
)
.
(2.48)
This is the potential of maximal sugra (2.9b).
Thus, we have produced two very simple expressions (2.47) and (2.45) for the action of the bosonic
sector in terms of the gauged double field theory curvature, connection and projection operators.
3 Supersymmetric Gauged Double Field Theory
We are now ready to consider the full supersymmetric gauged double field theory with half-maximal su-
percharges from 10D minimal superDFT [26, 29]. The bosonic sector of the supersymmetric gauged DFT
consists of DFT-dilaton, d, and double-vielbeins, VMm, V¯Mm¯.
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The fermionic degrees of freedom are given by the gravitino, ψαp¯ and the dilatino, ρα, where α , β , · · ·
represent Spin(1, 9) indices. The Spin(1, 9) Clifford algebra,
(γm)∗ = γm , γmγn + γnγm = 2ηmn , (3.1)
and chirality operator γ(11) = γ0γ1 · · · γ9. The symmetric charge conjugation matrice, Cαβ = Cβα, meets
(Cγp1p2···pn)αβ = (−1)n(n−1)/2(Cγp1p2···pn)βα , (3.2)
and define the charge-conjugated spinors,
ψ¯p¯α = ψ
β
p¯ Cβα , ρ¯α = ρ
βCβα . (3.3)
The gravitino and dilatino are set to be Majorana-Weyl spinors of the fixed chirality,
γ(11)ψp¯ = ψp¯ , γ
(11)ρ = −ρ . (3.4)
The following table summarises the field content of the half-maximal supersymmetric gauged DFT.
• Bosons
– NS-NS sector


DFT-dilaton: d
Double-vielbeins: VAp , V¯Ap¯
• Fermions
– DFT-dilatino: ρα ,
– Gravitino: ψαp¯ .
Table 1: Field Contents
The Dirac operators for Spin(1, 9) spinors are denoted by [25]
γmDmρ , Dm¯ρ , γmDmψn¯ . (3.5)
The explicit form for these is then given by,
γmDmρ = γm∂mρ+ 14Φmnpγmnpρ+ 12Φmmpγpρ ,
Dm¯ρ = ∂m¯ρ+ 14Φm¯npγnpρ ,
γmDmψn¯ = γm∂mψn¯ + 14Φmnpγmnpψn¯ + 12Φmmpγpψn¯ + γmΦ¯mn¯p¯ψp¯ .
(3.6)
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Since the Dirac operators use the covariant spin-connections (2.34), these are all invariant under the full
gauged DFT symmetries. We will divide the Dirac operators as ungauged part plus additional terms intro-
duced by gauging, this shows the parts being introdiced by the gauging proceedure in the DFT.
γmDmρ = γmD0mρ+ 112fMNPVMmV NnV P pγmnpρ ,
Dm¯ρ = D0m¯ρ+ 14fMNP V¯Mm¯V NnV P pγnpρ ,
γmDmψn¯ = γmD0mψn¯ + 112fMNPVMmV NnV P pγmnpψn¯ + fMNPV MmV¯ N n¯V¯ P p¯γmψp¯ ,
(3.7)
where D0M is the master derivative for ungauged DFT.
We are now in a position to construct a supersymmetric action with half-maximal supersymmetry as
follows.
LSGDFT = e−2d
[
2PMPPNQSMNPQ + 4i
(
ρ¯γmDmρ− 2ψ¯m¯Dm¯ρ− ψ¯m¯γmDmψm¯
) ]
. (3.8)
Again to demonstrate what is new we can write this action in terms of the ungauged part plus additional
terms that come from gauging.
LSGDFT = e−2d
[
2PMPPNQS0MNPQ(Γ
0)− 12HMPHNQfRMN∂PHQR
− 112HMNHPQHRSfMPRfNQS + 14HPQfMNP fMNQ + 16fMNPfMNP
+4i
(
ρ¯γmD0mρ− 2ψ¯m¯D0m¯ρ− ψ¯m¯γmD0mψm¯
)
+i13fMNPV
M
mV
N
nV
P
pρ¯γ
mnpρ+ ifMNP V¯
M
m¯V
N
nV
P
pψ¯
m¯γnpρ
+i13fMNPV
M
mV
N
nV
P
pψ¯
n¯γmnpψn¯ + 4ifMNPV
M
mV¯
N
n¯V¯
P
p¯ψ¯
n¯γmψp¯
]
.
(3.9)
The half-maximal supersymmetric gauged DFT (3.8) is invariant under the following SUSY transformations
up to leading order in fermions,
δd = −i12 ε¯ρ ,
δVMm = −iV¯Mq¯ ε¯γmψq¯ ,
δV¯Mm¯ = iV¯M
q ε¯γqψm¯ ,
δρ = −γmDmε ,
δψm¯ = Dm¯ε ,
(3.10)
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where SUSY parameter ε is a Spin(1, 9) spinor with positive chirality,
γ(11)ε = ε . (3.11)
The supersymmetry variation of the gauged DFT action (3.8) up to leading order in fermions is given by
δLSGDFT = e−2d
[
−4δdPMPPNQSMNPQ + 4δPMPPNQSMNPQ
+8iρ¯ (γmDmδρ+Dm¯δψm¯)− 8iψ¯m¯ (γmDmδψm¯ +Dm¯δρ)
]
.
(3.12)
We can then check the supersymmetry invariance of the action (3.8) by using the following identities,
γmγnDmDnε+Dm¯Dm¯ε = −14εPMNPPQSMQNP ,
γn [Dm¯,Dn] ε = V¯Mm¯ V NnPPQSMPNQγnε .
(3.13)
What is extraordinary is how simple the action (3.8) is in terms of these doubled gauged geometric
quantities.
4 Generalized Scherk-Schwarz reduced DFT as a gauged DFT
In this section we show how using this formalism, the gauged double field theory can be obtained from
the generalised Scherk-Schwarz reduction from the higher dimensional ungauged double field theory. Let
hatted indices Mˆ, Nˆ , Pˆ , · · · represent O(D,D) vector indices in parent ungauged DFT and M,N,P, · · ·
represent O(D,D) vector indices in gauged double field theory. We divide the 2D dimensional doubled
spacetime coordinates XˆMˆ into 2d-dimensional non-compact space coordinatees XM and 2n-dimensional
compact space coordinates YI . If we introduce a twist matrix UMˆ
M (Y), the Scherk-Schwarz reduction is
realised as
VˆMˆ (X,Y) = UMˆ
M (Y)VM (X) ,
dˆ(X,Y) = d(X) + λ(Y)
(4.1)
where VˆMˆ is an O(D,D) vector that depends on the noncompact directions only and e
−2dˆ is a tensor
density.
Once we have this, the generalised Scherk-Schwarz reduction of the parent DFT connection (2.20)
is realised from substitution of Scherk-Schwarz ansatz (4.1) into the definition of parent DFT connection
14
(2.20),
ΓˆPˆ MˆNˆ (Pˆ ,
ˆ¯P, dˆ) = UPˆ
PUMˆ
MUNˆ
N ΓˆPMN (P, P¯ , d) , (4.2)
where
ΓˆPMN = Γ
0
PMN + (P[M
QPN ]
R + P¯[M
QP¯N ]
R)fPQR − (U−1)MQˆ∂PUQˆN
− 2(P + P¯)PMNQRS(U−1)STˆ∂RUTˆQ − 2D−1(P¯P [M P¯N ]Q + PP [MPN ]Q)fQ .
(4.3)
As before, Γ0PMN is the connection for ungauged DFT. Here fMNP and fM are defined by
fMNP = 3ηQ[M (U
−1)NNˆ (U−1)P ]Mˆ∂NˆUMˆ
Q ,
fM = ∂Mˆ (U
−1)MMˆ − 2(U−1)MMˆ∂Mˆλ .
(4.4)
The reader may ask whether (4.2) is covariant. As a connection it is of course not. We just follow the
generalised Scherk-Schwarz ansatz and from this connection the guage connections will also emerge. The
fMNP can be identified with the structure constant in twisted generalised Lie derivative (2.4) as shown
in [16]. Also, for consistency, we need to set fA = 0 just as in [16].
It is important to compare the reduced connection with the gauged DFT connection in (2.19). If we
calculate the difference, then we have
(
Γˆ− Γ
)
MNP
= −(U−1)NQˆ∂MUQˆP +
(P + P¯)
MNP
QRS
(
2
3fQRS − 2(U−1)STˆ∂RUTˆQ
)
, (4.5)
Note, UQˆP does not obey strong section condition! On the right hand side, the last term is removed after
contraction with a projection operator and so does not contribute to the fully covariant quantities. The first
term, −(U−1)NQˆ∂MUQˆP however does contribute. This is the difference between reduced parent DFT
connection ΓˆPMN in (4.3) and gauged DFT connection ΓPMN in (2.19) and it shows the origin in terms of
the reduced connection of the additional term in the action that appeared in [16].
As discussed before, the gauged DFT action should be independent of YI or UMˆ
M (Y) so that,
SGDFT =
∫
d2dXLGDFT
[
P, P¯ , d, f
]
. (4.6)
However, if we carry out a generalised Scherk-Schwarz reduction on the parent DFT action, the reduced
action is written in terms of ΓˆPMN having explicit twist matrix dependence, UMˆ
M (Y),
Sred =
∫
d2nY
∫
d2dXLred
[
Γˆ(P, P¯ , d, f, U)
]
. (4.7)
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To get a UMˆ
M (Y) independent action, an additional term should be added which compensates the UMˆ
M (Y)
dependence of the reduced action (4.7). The additional term is given by
LGDFT − Lred = e−2d
(
PMNPPQUMˆMUNˆN∂R(U
−1)P Mˆ∂R(U−1)QNˆ
)
,
= e−2d
(
1
2∂M (U
−1)NQˆ∂MUQˆ
PHNP
)
.
(4.8)
This term exactly reproduces the additional term in (2.4) of [16],
1
2∂Mˆε
a
Pˆ∂
MˆεbQˆSabη
Pˆ Qˆ = 12∂M (U
−1)NQˆ∂MUQˆ
PHNP . (4.9)
It is worthwhile to compare how supersymmetry works. The difference of spin-connections is given by
(
Φˆ− Φ
)
Mmn
= V NmV
P
nPMNPQRS
(
2
3fQRS − 2(U−1)STˆ∂RUTˆQ
)
,
(
ˆ¯Φ− Φ¯
)
Mm¯n¯
= V¯ Nm¯V¯
P
n¯P¯MNPQRS
(
2
3fQRS − 2(U−1)STˆ∂RUTˆQ
)
.
(4.10)
When we then insert these into the supersymmetry transformations, then these differences vanish for the
semi-covariant derivatives. This shows that Killing spinor equations for gauged DFT and generalised
Scherk-Schwarz reduced DFT are exactly same. This is remarkable that the supersymmetry remains identi-
cal between the gauged and Scherk-Schwarz reduced cases even though there are differences in the connec-
tions that require correction terms in the action.
5 Killing Spinor Equations
In the context of ordinary supergravity, the Killing spinor equations have proven very useful in finding
solutions to the equations of motion that preserve some fraction of supersymmetry. Essentially they reduce
the supergravity equations to be first order in derivatives and often when combined with a suitable ansatz
for the metric and fields will lead to linear equations. Importantly, the Scherk-Schwarz factorisation ansatz
for double field theory allows dependence on both the usual coordinates and their duals simultaneously.
Finding actual solutions that obey this ansatz is much more difficult than finding solutions that obey the
strong constraint. Obviously from the connection to gauged field supergravity there is a clear interpretation
of some of these solutions. However, one might wish to just try and seek solutions in double field theory with
a Scherk-Schwarz ansatz and interpret this as a double field theory geometry. This then involves solving
the double field theory equations of motion. Obviously this is a hard problem since the double field theory
equations of motion are as hard to solve as Einstein’s equations.
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The natural thing is to then use the Killing spinor equations with a Scherk-Schwarz factorisation ansatz
(reduction). One can then seek solutions in the full double field theory preserving different fractions of
supersymmetry but that obey the Scherk-Schwarz ansatz. In what follows we write down the Killing spinor
equations with the Scherk-Schwarz anstaz.
The Killing spinor equations for the higher dimensional ungauged DFT were given already in [26, 29]
δρˆ(X,Y) = −γmˆDˆmˆεˆ(X,Y) = 0 ,
δψˆ ˆ¯m(X,Y) = Dˆ ˆ¯mεˆ(X,Y) = 0 .
(5.1)
Since the spinors are all O(D,D) scalars, the generalised Scherk-Schwarz ansatz for the spinors is trivial,
ρˆ(X,Y) = ρ(X) , ψˆ ˆ¯m(X,Y) = ψ ˆ¯m(X) , εˆ(X,Y) = ε(X) . (5.2)
Althought the spinors reduce trivially the spin conncetions do not and one must take care to reduce them.
We list the reduction of the relevent spin connections that are needed for the Killing spinor equations in the
appendix. Inserting these generalised Scherk-Schwarz reduced spin connections into to the Killing spinor
equations, produces:
−γmˆDˆmˆεˆ = −γmDmε+ 34VMmV NnV P p
(A[M∂NAP ] − 13fABCAMAANBAPC
)
γnpε
+14(FMN )AVMmV NnV Aaγmnaε− 14VMmV AaDMVAbγmabε
−14V AaV BbV CcfABCγabcε = 0 ,
(5.3)
for dilatino and
Dˆm¯εˆ = Dm¯ε− 34 V¯Mm¯V NnV P p
(A[M∂NAP ] − 13fABCAMAANBAPC
)
γnpε
−12 V¯Mm¯V NnV Aa(FMN )Aγnaε+ 14 V¯Mm¯V AaDMVAbγabε = 0 ,
Dˆa¯εˆ = −14 V¯ Aa¯VMmV Nn(FMN )Aγmnε− 12 V¯ Aa¯V MmV BbDMPABγmbε
+14 V¯
A
a¯V
B
bV
C
cfABCγ
bcε = 0
(5.4)
for the gravitino.
A great deal of insight has been achieved through the analysis of the usual Killing spinor equations.
It would be very interesting to investigate these equations that come from double field theory in detail.
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Hopefully one could obtain results along the lines as of the G-structure geometric spinor approach [67]. We
leave this for future work.
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A Decomposition of compact and non-compact directions
In this section we describe the Scherk-Schwarz reduction in detail. This is all covered in [18] but we have
repeated it here to make conventions clear and provide a quick reference.
A.1 Reduction conventions
Now we consider explicit breaking of O(D,D) symmetry into O(n, n) subgroup. We decompose D-
dimensional total spacetime into n-dimensional compact and d-dimensional non-compact direction. All
hatted indices represent quantities defined on total spacetime.
1. Total spacetime :
• Mˆ, Nˆ , · · · : O(D,D) vector indices,
• µˆ, νˆ, · · · : D-dimensional vector indices,
• mˆ, nˆ, · · · : Local Spin(1,D−1) vector indices,
• ˆ¯m, ˆ¯n, · · · : Local Spin(D−1, 1) vector indices.
2. Non-compact direction :
• M,N, · · · : O(d, d) vector indices,
• µ, ν, · · · : d-dimensional vector indices,
• m,n, · · · : Local Spin(1, d−1) vector indices,
• m¯, n¯, · · · : Local Spin(d−1, 1) vector indices.
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3. Compact direction :
• I, J, · · · : O(n, n) vector indices,
• A,B, · · · : Gauge indices,
• α, β, · · · : n-dimensional vector indices,
• a, b, · · · : Local Spin(1, n−1) vector indices,
• a¯, b¯, · · · : Local Spin(n−1, 1) vector indices.
Therefore doubled spacetime coordinates XˆMˆ = {xˆµˆ, xˆνˆ} are decomposed into
Xˆ
Mˆ = {XM ,YI} , (A.1)
where XM = {xµ, xν} is non-compact direction doubled coordinate and YI = {yα, yβ} is compact direc-
tion doubled coordinate.
A.2 Reduction of ordinary supergravity
The ordinary Scherk-Schwarz reduction of two copies of the D-dimensional viellein is given by
eˆµˆ
mˆ =

eµ
m Aµ
αΦα
a
0 Φα
a

 , (eˆ−1)mˆµˆ =

(e
−1)mµ −(e−1)mµAµα
0 (Φ−1)aα

 , (A.2)
and
ˆ¯eµˆ
ˆ¯m =

e¯µ
m¯ Aµ
αΦ¯α
a¯
0 Φ¯α
a¯

 , (ˆ¯e−1) ˆ¯mµˆ =

(e¯
−1)m¯µ −(e¯−1)m¯µAµα
0 (Φ¯−1)a¯α

 . (A.3)
where
eµ
meνm = −e¯µm¯e¯νm¯ = gµν ,
Φα
aΦβa = −Φ¯αa¯Φ¯βa¯ = gαβ
(A.4)
The reduction of Kalb-Ramond field is then:
Bˆµˆνˆ =

Bˆµν Bˆµβ
Bˆαν Bˆαβ

 :=

Bµν +
1
2(Aµ
αBαν −AναBαµ) +AµαAνβBαβ Bµβ +AµαBαβ
Bαν +BαβAν
β Bαβ

 . (A.5)
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A.3 Scherk-Schwarz reduction of Double Field Theory
The double vielbein of the total space is parametrized by
VˆMˆ
mˆ =
1√
2

 (eˆ
−1)mˆµˆ
(Bˆ + eˆ)µˆ
mˆ

 , ˆ¯VM ˆ¯m = 1√
2

 (e¯
−1) ˆ¯mµˆ
( ˆ¯B + e¯)µ
ˆ¯m

 (A.6)
where Bˆµmˆ = Bˆµˆνˆ(eˆ−1)mˆνˆ and ˆ¯Bµˆ ˆ¯m = Bˆµˆνˆ(ˆ¯e−1) ˆ¯mνˆ .
Let us now consider the Scherk-Schwarz reduction ansatz for the double vielbein, VˆMˆ
mˆ and ˆ¯VMˆ
ˆ¯m
VˆMˆ
mˆ(X,Y) −→

 VˆM
m(X) VˆM
a(X)
UI
A(Y)VˆA
m(X) UI
A(Y)VˆA
a(X)

 , (A.7)
and
ˆ¯VMˆ
ˆ¯m(X,Y) −→


ˆ¯VM
m¯(X) ˆ¯VM
a¯(X)
UI
A(Y) ˆ¯VA
m¯(X) UI
A(Y) ˆ¯VA
a¯(X)

 , (A.8)
where UIA(Y) is a generalised twist matrix. Finally, the Scherk-Schwarz ansatz of dialton is given by
dˆ(X,Y) = d(X) + λ(Y) . (A.9)
Importantly, when using the the double vielbein, it is not possible to choose a upper triangular form as (A.2)
and (A.3), since the local Lorentz group is not sufficient. For example, unbared double vielbein VˆMˆ mˆ has
only Spin(1,D−1) local Lorentz symmetry instead of Spin(D,D).
Each component of reduced double vielbeins in eq. (A.7) and (A.8) can be written as follows:
VˆM
m = VM
m − 12AMAANAVNm , VˆMa = −AMAVAa ,
VˆA
m = AMAVˆMm = AMAVMm , VˆAa = VAa ,
(A.10)
and
ˆ¯VM
m¯ = V¯M
m¯ − 12AMAANAV¯Nm¯ , ˆ¯VMa¯ = −AMAV¯Aa¯ ,
ˆ¯VA
m¯ = AMA ˆ¯VMm¯ = AMAV¯Mm¯ , ˆ¯VAa¯ = V¯Aa¯ ,
(A.11)
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where AMA is an unified gauge field,
AµA =

 −Aµ
α
−BˆαβAµβ + Bˆαµ

 :=

−Aµ
α
Bαµ

 , AµA = 0 . (A.12)
Here, VMm, V¯Mm¯ are d-dimensional double vielbeins parametrized as
VM
m = 1√
2

 (e
−1)mµ
(B + e)µ
m

 , V¯Mm¯ = 1√2

 (e¯
−1)m¯µ
(B¯ + e¯)µ
m¯

 , (A.13)
and VAa, V¯Aa¯ are n-dimensional double vielbeins parametrized as
VA
a = 1√
2

 (e
−1)aα
(B + e)α
a

 , V¯Aa¯ = 1√2

 (e¯
−1)a¯α
(B¯ + e¯)α
a¯

 . (A.14)
One can find the transformation laws for various fields by substituting the reduced vielbeins defined in eq.
(A.10) and (A.11) into double-gauge transformation(or generalised Lie derivative),
LˆXˆ VˆMˆ mˆ = XˆNˆ∂Nˆ VˆMˆ mˆ + (∂ˆMˆXˆNˆ − ∂ˆNˆ XˆMˆ )VˆNˆ mˆ . (A.15)
To examine the symmetry transformations of the reduced fields, we should decompose the double gauge
parameter XˆMˆ as before,
XˆMˆ (X,Y) =

 X
M (X)
(U−1)AI(Y)Y A(X)

 . (A.16)
We then interpret XM as a generalised Lie derivative parameter and Y A as a gauge symmetry parameter.
The symmetry transformation of each of the reduced fields is given by
δVMm = LˆXVMm −A[MA∂N ]YAV Nm , δVAa = LˆXVAa − fABCY BVCa ,
δV¯Mm¯ = LˆX V¯Mm¯ −A[MA∂N ]YAV¯ Nm¯ , δV¯Aa¯ = LˆX V¯Aa¯ − fABCY BV¯Ca¯ ,
δe−2d = LˆXe−2d + fAY Ae−2d ,
δAMA = LˆXAMA − ∂MY A + fABCAMBY C ,
(A.17)
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where
fABC = 3ηD[A(U
−1)CI∂B]UID , fA = UIB∂B(U−1)AI − 2∂Aλ . (A.18)
Since projection operators can be written in terms of double vielbein,
VˆMˆ
mˆVˆNˆmˆ = PˆMˆNˆ ,
ˆ¯VMˆ
ˆ¯m ˆ¯VNˆ ˆ¯m =
ˆ¯PMˆNˆ , (A.19)
the Scherk-Schwarz reduction of the projection operators may be easily obtained using the reduction of the
double vielbeins from (A.10) and (A.11), which yields
PˆMˆNˆ (X,Y) =

 PˆMN (X) UJ
B(Y)PˆMB(X)
UI
A(Y)PˆAN (X) UI
A(Y)UJ
B(Y)PˆAB(X)

 , (A.20)
and
ˆ¯PMˆNˆ (X,Y) =


ˆ¯PMN (X) UJ
B(Y) ˆ¯PMB(X)
UI
A(Y) ˆ¯PAN (X) UI
A(Y)UJ
B(Y) ˆ¯PAB(X)

 . (A.21)
Each component of PˆMˆNˆ is
PˆMN = PMN −A(MAAP |APP |N) + 14AMAAPAANBAQBPPQ +AMAANBPAB ,
PˆMA = PˆAM = (JMP − 12AMBAPB)PPNANA −AMBPAB ,
PˆAB = PAB +AMAANBPMN ,
(A.22)
where
PMN = VM
mVNm , PAB = VA
aVBa . (A.23)
Similarly, each component of ˆ¯PMˆNˆ is given by
ˆ¯PMN = P¯MN −A(MAAP |AP¯P |N) + 14AMAAPAANBAQBP¯PQ +AMAANBP¯AB ,
ˆ¯PMA =
ˆ¯PAM = (JMP − 12AMBAPB)P¯PNANA −AMBP¯AB ,
ˆ¯PAB = P¯AB +AMAANBP¯MN ,
(A.24)
where
P¯MN = V¯M
m¯V¯Nm¯ , P¯AB = V¯A
a¯V¯Ba¯ . (A.25)
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If we apply these reduction conventions, the bosonic part of the half-maximal supersymmetric gauged
double field theory action (3.8) is reduced to
LSGDFT = e−2d
(
2PMPPNQS0MNPQ +
1
2HMNHPQωMPR∂NHQP − 112HMNHPQHRSωMPRωNQS
+18HMNDMHABDNHAB − 14HMNHPQHAB(FMP )A(FNQ)B
− 112HMNHPQHRSfMPRfNQS + 14HPQfMNPfMNQ + 16fMNPfMNP
)
,
(A.26)
where ωMNP is Chern-Simon 3-form,
ωMNP := 3A[MA∂NAP ]A −AMAANBAP CfABC , (A.27)
and covariant derivative, DM , for the gauge transformation generated by Y A and field strength, FMN , for
the unified gauge field, AMA , are defined as
DMVA := ∂MVA − fABCAMBV C ,
(FMN )A := ∂MANA − ∂NAMA − fABCAMBANC .
(A.28)
One has thus shown that the reduced action (A.26) is exactly same as the half-maximal gauged supergravity
action in [18].
B Reduction of spin-connections
Though the spin connections, ΦˆMˆmˆnˆ and
ˆ¯ΦMˆ ˆ¯mˆ¯n, are not covariant under the double-gauge transformation,
the following terms are covariant,
Φˆ[mˆnˆpˆ] , Φˆ
mˆ
mˆpˆ , Φˆ ˆ¯pmˆnˆ ,
ˆ¯Φ[ ˆ¯mˆ¯n ˆ¯p] ,
ˆ¯Φ ˆ¯m ˆ¯m ˆ¯p ,
ˆ¯Φpˆ ˆ¯mˆ¯n ,
(B.1)
where Φˆmˆnˆpˆ := Vˆ Mˆ mˆΦˆMˆnˆpˆ and Φˆ ˆ¯mnˆpˆ :=
ˆ¯V Mˆ ˆ¯mΦˆMˆnˆpˆ, etc.
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Reduction of the covariant combinations of ΦˆMˆmˆnˆ yields:
Φˆ[mnp] = Φ[mnp] − 3V MmV NnV P p
(A[PA∂MAN ]A − 13fABCAPAAMBANC
)
,
Φˆ[mna] = −VMmV NnV Aa(FMN )A ,
Φˆ[mab] = V
M
mV
A
aDMVAb ,
Φˆ[abc] = V
A
aV
B
bV
C
cfABC ,
Φˆnˆnˆm = Φ
n
nm + V
M
mAMAfA ,
Φˆnˆnˆa = V
A
afA ,
Φˆp¯mn = Φp¯mn − 3V¯ P p¯VMmV Nn
(A[PA∂MAN ]A − 13fABCAPAAMBANC
)
,
Φˆa¯mn = −V¯ Aa¯VMmV Nn(FMN )A ,
Φˆp¯ma = −V¯Mp¯V NmV Aa(FMN )A ,
Φˆp¯ab = V¯
M
p¯V
A
aDMVAb ,
Φˆa¯ma = −V¯ Aa¯VMmV BaDMPAB ,
Φˆa¯ab = V¯
A
a¯V
B
aV
C
bfABC ,
(B.2)
24
and ˆ¯ΦMˆ ˆ¯mˆ¯n part:
ˆ¯Φ[m¯n¯p¯] = Φ¯[m¯n¯p¯] − 3V¯ Mm¯V¯ Nn¯V¯ P p¯
(A[PA∂MAN ]A − 13fABCAPAAMBANC
)
,
ˆ¯Φ[m¯n¯a¯] = −V¯Mm¯V¯ Nn¯V¯ Aa¯(FMN )A ,
ˆ¯Φ[m¯a¯b¯] = V¯
M
m¯V¯
A
a¯DM V¯Ab¯ ,
ˆ¯Φ[a¯b¯c¯] = V¯
A
a¯V¯
B
b¯V¯
C
c¯fABC ,
ˆ¯Φˆ¯n ˆ¯nm¯ = Φ¯
n¯
n¯m¯ + V¯
M
m¯AMAfA ,
ˆ¯Φˆ¯n ˆ¯na¯ = V¯
A
a¯fA ,
ˆ¯Φpm¯n¯ = Φ¯pm¯n¯ − 3V P pV¯Mm¯V¯ Nn¯
(A[PA∂MAN ]A − 13fABCAPAAMBANC
)
,
ˆ¯Φam¯n¯ = −V AaV¯Mm¯V¯ Nn¯(FMN )A ,
ˆ¯Φpm¯a¯ = −VMpV¯ Nm¯V¯ Aa¯(FMN )A ,
ˆ¯Φpa¯b¯ = V
M
pV¯
A
a¯DM V¯Ab¯ ,
ˆ¯Φam¯a¯ = −V AaV¯Mm¯V¯ Ba¯DMPAB ,
ˆ¯Φaa¯b¯ = V
A
aV¯
B
a¯V¯
C
b¯fABC ,
(B.3)
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